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1 Introduction 

In mathematical physics there is much interest in an inequality due originally to Lieb 
and Thirring giving an upper bound on the number of bound states for a Schrodinger 
operator — |A + V. With Nq denoting the number of non-positive eigenvalues of the 
Schrodinger operator, in a semi-classical description it is expected that 

= T^Vd I \p\*+V(x)<0} d P dx - ( L1 ) 

The right hand side above is computed as 

1 f i*f i. t _d£ = ^^ii /" IV-Wl^d. (1.2) 



then says that 



where cr(Sd_i) = fjjm an d V- is the negative part of V. The Lieb-Thirring inequality 



N (V)<C d [ \V.{x)f 2 dx, (1.3) 

see [Lie76l ILie80j . where is a constant dependent on d alone. Various extensions 
have been further studied by many authors, see [LSlOj and references therein. 

Following our work |HIL09] in which we defined generalized Schrodinger operators 
of the form 

H = v(~A)+V (1.4) 



where ^ denotes a Bernstein function (see below), it is a natural question if a similar 
Lieb-Thirring bound can be established and how does this depend on the choice of the 
Bernstein function. We will actually derive under some conditions that 

N (V)<a[ (^WVix^Y^dx (1.5) 

(Theorem 13.231 and Corollary 13.91) by using estimates of the diagonal part of the heat 
kernel of subordinate Brownian motion generated by ^ (— |A) . This extension includes 
beside usual Schrodinger operators also fractional Schrodinger operators of the form 
(— A) a//2 + V and relativistic Schrodinger operators (—A + m 2 ) 1 / 2 — m + V. General 
Bernstein functions receive increasing attention in the study of stochastic processes 
with jump discontinuities and their potential theory [S SVlOj . 

A Lieb-Thirring bound for generalized kinetic energy terms was first obtained in 
|Dau83j . Although the author mentions that similar bounds can be derived for general- 
izations using (jl.4p . the focus of that paper is primarily the relativistic Schrodinger op- 
erators above with or without mass. Lieb-Thirring inequalities for fractional Schrodinger 
operators compensated by the Hardy weight have been obtained more recently in 
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[FLS08] by using methods of Sobolev inequalities. A reference considering the same 
problem for relativistic Schrodinger operators including magnetic fields is |IMP07j . 

The remainder of this paper is organized as follows. In Section 2 we recall the 
definition of such Schrodinger operators and briefly describe the stochastic processes 
related to them. In the main Section 3 we state and prove the Lieb-Thirring inequality 
for this class of operators, and obtain some explicit variants. In Section 4 we discuss 
some cases of special interest. 



2 Schrodinger operators with Bernstein functions 
of the Laplacian 

Consider the function space 

SS= I* e : V(x) > 0, (-l) n 0) < 0,Vn= 1,2,... 

An element of 3$ is called a Bernstein junction. We also define the subclass 3§o = 
{fe3§: lim^ 0+ /(w) = 0}. 

Bernstein functions in 3§o have the following integral representation. Let Jzf be the 

set of Borel measures A on R\{0} such that A((—oo, 0)) = and / (yAl)A(dy) < oo. 

Jr\{o} 

Note that every A £ Jzf is a Levy measure. Then it can be shown that for every 
Bernstein function \1/ £ SS§ there exists (6, A) £ [0, oo) x Jzf such that 

/"OO 

q(u)=bu + (l-e- uy )\(dy). (2.1) 
Jo 

Conversely, the right hand side of (12.11) is in 33$ for each pair (b, A) £ [0, oo) x Jzf . It 
is known that the map 38 — > [0, oo) x Jzf, \P (6, A) is bijective. 

Next consider a probability space (fl u , JP U , v) and a stochastic process (T t ) t >o on 
it. Recall that {T t ) t > is called a subordinator whenever it is a Levy process starting 
at 0, and t i— >• is almost surely a non- decreasing function. Let J?" denote the set 
of subordinators on (fi^, J^,, z/). Also, let \1/ £ ^ or, equivalently, a pair (6, A) £ 
[0, oo) x .if be given. Then by the above bijection there is a unique (T t )t>o £ 3^ such 
that 

E° u [e~ uTt ] =e-™ {u) . (2.2) 

Conversely, for every (T t )t>o £ ^ there exists a unique \& £ 38 , i.e., a pair (6, A) £ 
[0, oo) x Jz? such that (12. 2p is satisfied. In particular, (12. ip coincides with the Levy- 
Khintchine formula for Laplace exponents of subordinators. Using the bijection be- 
tween 3§o and 5?, we denote by T* the subordinator uniquely associated with $ £ 3§q. 

It is known that the composition of a Brownian motion and a subordinator yields 
a Levy process. This process is X t : Qp x Vt u 3 (001,002) n- B Tt ^(ooi) £ M, d called 



Pf (x) = -— d / e-^e-^'V&i (2.3) 

gives the distribution of X t in M. d . 

Let h = —A be the Laplacian in L 2 (M d ). We assume throughout this paper that 
d > 3. Define the operator \I/(/i/2) on L 2 (IR d ) with Bernstein function \P G -SSq. Let 
V = V + — V_, where V+ = max{V, 0}, V_ = min{— V, 0}, and assume that V_ is form- 
bounded with respect to fy(h/2) with a relative bound strictly smaller than 1, and 
V + G L 1 1 oc (M a! ). Then we define the Schrddinger operator with Bernstein function \& of 
the Laplacian by 

if* = V(h/2) + V + - V.. (2.4) 
In what follows we simply write = ^>(h/2) + V instead of (12. 4p . 

Proposition 2.1 We have the functional integral representation for the semigroup 
e~ tH , t > ; given by 

(f,e~ tH *g) = [ dxE* Pxu \j(Xv)g(X t )e-tin x ^ s ] . (2.5) 

Proof. This is obtained by subordination and an application of the Trotter product 
formula combined with a limiting argument. For a detailed proof we refer to [HIL091 
ILHBllj . qed 

In view of applications (quantum theory, anomalous transport theory, financial 
mathematics etc) some particular choices of Bernstein functions are of special interest 
involving the following stochastic processes: 

(1) symmetric a-stable processes: V(u) = (2u) a / 2 , < a < 2 

(2) relativistic a-stable processes: ^>{u) = {2u + m 2//a ) a / 2 , with m > 

(3) jump-diffusion processes: ^(u) = au + bu a ^ 2 , with a, b G R. 

3 Lieb-Thirring bound 

The following is a standing assumption throughout the paper. 
Assumption 3.1 

(1) V is a continuous and non-positive function 

(2) there exists A* > such that ||(^(V 2 ) + \)~ 1/2 \V\ 1/2 \\ < 1 for all A > A* 

(3) the operator i^{h/2) + A)~ 1/2 |V^| 1/2 is compact for all A > 
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(4) there exists n > such that Ti(\V\ 1/2 (^(h/2) + A)" 1 !^ 1 / 2 )™ < oo for all n > n 
and A > 0. 

Part (2) of Assumption 13.11 implies that V is relatively form bounded with respect to 
ty(h/2) with relative bound strictly smaller than 1. Part (3) ensures that the Birman- 
Schwinger principle (13 .3p holds, and (4) is used in the proof of Lemma 13.61 

Example 3.2 Let L°°> (R d ) be the set of functions / G L°°(R d ) such that lim \f(x)\ = 

\x\— >oo 

0. It is well known that if P, Q G L°°' (R d ), then P(— iV)Q(x) is a compact operator 
[Sim04] . Thus (V(h/2) + A) ~ 1/2 1 V | 1/2 is compact for V G 

£oo,o s j nce \]> j s increasing. 

Moreover, if V(h/2) = -A and V G L d / 2 (R d ), (4) of Assumption O is satisfied with 
n = d/2. 

Consider the number 

N E (V) = diml ( - 00 ,- m (H*). (3.1) 

In the original context of quantum theory this expression has the relevance of counting 
the number of bound states of energy up to —E < 0. Recall |Sim05] that the Birman- 
Schwinger kernel is defined by 

K E = \V\ 1/2 (V(h/2) + EY l \V\ l/2 (3.2) 

and the Birman-Schwinger principle says that 

N E (V) = diml [li00) (^), —E < 

(3.3) 

N (V) <diml [1)Oo) (X ), E = Q. 



Example 3.3 Let V = V+-VL be such that V- G L°°(R d ). Since ^(h/2) -V- < H* , 
the number of negative eigenvalues of H is smaller than that of H_ = \P(/i/2) — VI. So 
instead of H* , we consider H*. Since |V1| G (V(h/2) + A)~ 1/2 |V1| 1/2 is compact. 
Thus the Birman-Schwinger principle can be applied to H^_. 

Let F\(x) = x(l + Ax)^ 1 = x e~ y( - 1+XxS) dy and g\(x) = e~ Xx . The two functions 
are related by 

poo 

F x (x) =x e- y g x (xy)dy. (3.4) 
J o 

By a direct computation we obtain 

F X (K E ) = \V\ 1/2 (V(h/2) + \\V\ + E)- 1 ^ 1 ' 2 (3.5) 
and by Laplace transform 

(F x (K E )u) (x) = \V{x)\ 1 ' 2 ^ dte-^e-^^^lV] 1 ^ (x) (3.6) 
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follows. By (13. 3p we have 



N E (V) = #{Fx(im)\F x (im) is an eigenvalue of F X (K E ) and fi > 1}, E > 
N {V) < #{F A (/i)|F A (/i) is an eigenvalue of F X {K ) and //>!}, ,5 = 0. 



Since F\ is monotone increasing, it follows that 

1 



AW) < 



^a(I) 



(3.7) 



^iGSpcc(K^) 
/j>1 



Using this we will estimate the trace of F X (K E ). From Theorem 12.11 we obtain 



{F x {K E )u){x) = \V{x)\ 1 ' 2 / dte~ tE E Pxu e- x ^ v ^ ds \V{X t )\ l ' 2 u{X t ) ■ (3. 



In order to express the kernel of e - *^' 1 / 2 ^!^) in terms of a conditional expectation 
we use the following notation. Let E Px; ,[Y|X t ] be conditional expectation with respect 
to the cr-field a(X t ), i.e., E Pxi ,[y|Xi] is measurable with respect to a(X t ). Generally, 
a function / measurable with respect to cr(X t ) can be written as / = g{X t ) with 
a suitable function g. We write Ep XI/ [F|X t ] = g(X t ), and use the notation g{x) = 
E Pxy [Y\X t = x], i.e., E Pxi/ [Y\X t ] = jE° Pxu [Y\X t = x\Pf{x)dx. In these terms we 
then have 



-t(*(h/2)+A|V|), 



x,y) = E° P> 



-\f*\V(X 3 +x)\ds 



X t + x = y 



Pf(x-y), 



(3.9) 



where Pf is the distribution of X t given by (12.31) . 

Lemma 3.4 The map (x,y) t— > e~ t( -^^ h ^ 2 ^ + ^ v ^(x,y) is continuous. 

Proof. Let P^ V T \ denote Brownian bridge measure starting from x at t = and ending 
in y at t = T. Then by the Feynman-Kac-like formula (12. 5p and using that X s = B Ts 
we see that 



(f,e 



-t(*(ty2)+|V|), 



f(x)g(y)E v B Tt (x - y)E P * % [e~ £ 



dxdy, 
(3.10) 



where H+ix) is the Gaussian heat kernel. Note that the measure P 



x.y 



P, 



x.y 



Lt\^ ) txic vjauDoicui ncciij iv^in^i. nuic tncit inc ni^cioui^: ± jo Tt] — ± [0 Tt(uj2)] 

is defined for every 002 € Q u . For every oj 2 £ &v we a ls° define the Brownian bridge 

(Z t )t>o by 



t 



t 



t 



— )x+—y- —B Tt + B 



t ■ 



where T t depends on w 2 - Thus 1 13. 10p is equal to 



(f,e 



-t(V(h/2)+\V\) 



9) 



f(x)g(y)E l/ \u Ti (x - y)E° [e"^ \ v ^ ds ]\ dxdy. (3.11) 
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Hence the integral kernel is given by 

e -W/2)+|V|) (X)?/) = Ey \ i U Tt (x-y)E° P [e-^\y( z ^] 

and implies joint continuity with respect to (x,y). 

From Lemma [3.41 it follows that the kernel of F\(Ke), 

F x (K E )(x,y) = \V(x)\^\V(y)\^ 



qed 



x / dte~ tE E° Pxu 



g x (J \V(X s + x)\ds 



X t + x = y 



Pf(x-y) (3.12) 



is also jointly continuous in (x,y). Here we used that g(x) = e Xx . By setting x = y 
in (I3.12p it is seen that Tr F\(K E ) = J Rd F\(K E )(x,x)dx. This gives the expression 



Tr F\(Ke) 



dx\V{x)\ I dte~ tE E° Pxu 
'o 



g x (J \V(X s + x)\ds 



x t = o 



P*(0). 
(3.13) 



Lemma 3.5 It follows that 

"°°dt 



TrF x (K E ) 



dx I ^e- tE E° Pxi/ 

K d Jo 1 



G x n \V(X s + x)\ds 



X t = 



where G\(x) = xg\(x) = xe Xx . 
Proof. It suffices to show that 



P?(0), 
(3.14) 



dxE° Pxu 



e -ti\nx.+x)\d, I \v(X r + x)\dr 



X, = 



P*(0) 



dx\V(x)\E° Pxu 



-f*\V(X 3 +x)\ds 



x, = o 



Pf(0). 



(3.15) 



Let U r = e -rmh/2)+\v\)\y\ e -(t-r)(v(h/2)+\v\) f or o < r < t. Note that U r is compact and 
thus Tr U r = Tr Uq. By the Markov property of (X t )t>o it follows that 



(U r f) (X) 



E 



Pxu 



¥ x 



e -Io\ v ^ ds \V(X r )\E^ xu \e-^- r \nXs)\ds f{Xt _ r) 
e -JS\yi^\V(X r )\f(X t ) 



Thus the right hand side above is expressed as 

Pf(x - y)E Pxv \e-^ v ^ +x ^ ds \V{X r 



x) 



X t + x = y 



s 



This furthermore gives 



TrU r 



dr 



TrfL 



d*P*(0)E° x „ 



e -fi\v(x s + x )\ds I \ V (X r + x)\dr 



X t = 
(3.16) 

where we interchanged dr and dP°. Equality f Q ^Tr[/ r = TtUq together with (I3.16P 
yield ( 13 .15)) . Hence the lemma follows. qed 

We may vary F\ and g\ while keeping relationship (I3.4[) unchanged. Let F : 
[0, oo) — > [0, oo) be a strictly increasing function such that 



(3.17) 



F(x) = x e y g(xy)dy, 
Jo 

where g is a non-negative function on R. Write 

G(x) = xg{x). 



(3.18) 



Lemma 3.6 Let Assumption \3.1\ hold and take any F, G and g satisfying {3.11 ). 
Suppose that G is non-negative and lower semi- continuous. Then it follows that 



TyF(K e ) 



dx 



-tE 



dt- 



-F° 



G ( / \V(X s + x)\ds 



X t = 



Pf(0). (3.19) 



Proof. The proof is obtained by a slight modification of |Sim04l Theorem 8.2] and 
jLHBlll Lemma 3.51]. qed 



Theorem 3.7 (Lieb-Thirring bound) Let Assumption \3.1\ hold. F, G be any func- 
tions satisfying \3.11\j and Ii3.18\) . and G furthermore be convex. Then 



N (V) < 



{|y(x)|>o}da;, 



(3.20) 



where 



Pf/|y(,)|(0) = (27r) 



-8*(\tf/2)/\V(x)\ 



We note that the right hand side of ( 13 .20 j) may not be finite, this depends on the choice 
of the convex function G. 

Proof. Since F is a monotone increasing function, we have 
1 



N Q (V) < 



Tr(F(K )) 



i r 00 dt 



F(l) 



o 



t 



dxE° Pxi 



G(j\\V(X s + x)\^j 



x t = o 



Pf(0). 
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Then by the Jensen inequality 

i r°° dt 



N (V) < 



F(l) 



t 



dxE° Px „ 



ds 



G(t\V(X s + x)\) 



IJO 



X t = 



Pf(0). 



Using that J Q ^ = 1 and swapping dx and dP° x du, we obtain 

1 f°° dt r 

b W) Jo 1 JR d 

When V(x) = 0, also G(tV(x)) = 0. This implies that the right hand side above equals 

dt f 

P*(0)- / G(t\V(x)\)l mx)l>0} dx. 



F(l) Jo 

Changing the variable from i|V(x)| to s and integrating with respect to s, we obtain 
f lCTj) . qed 

Next we are interested to see how the Lieb-Thirring bound ( 13.201) in fact depends 
on the Bernstein function To make this expression more explicit we note that the 
diagonal part of the heat kernel has the representation [JKLS12] 



TA d£ dr 



/2)"<v^A} 

Denote by B*(x, r) a ball of radius r centered in x in the topology of the metric 



(3.21) 



Notice that d^(£,r)) = if and only if £ = r], since \& is concave and a C°°-function. 
Then the integral J Rd 11 r v / ^(g2 / / 2 ) < v /^/I| d£ i s the volume of B^O, y/rjt) in this metric. 



If cZ* satisfies the condition 



/ ~&B*(x,2r)dy <c l M 9 ix rfdy, xeM. d ,r>0 

JR d JR d 

with a constant c > independent of a; and r, then cZ* is said to have the volume 
doubling property. When has this property, then furthermore it follows that 



Cl 



1 



d£ < P*(0) < c 2 / 1 

JR d 



d£ 



(3.22) 



with some constants Ci and c 2 . A necessary and sufficient condition for \1/ e S@o to give 
rise to a volume doubling is 

hm mt - ; : > 1 and hm int - , : > 1 



for some C > 1. In particular, this implies that \P increases at infinity as a (possibly 
fractional) power. For details, we refer to |JKLS12] . 
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Theorem 3.8 Suppose that \1/ e SSq is strictly monotone increasing. Then under the 



assumptions of Theorem \3. 7| we have 



No(v) < jz^I r> w / d , r (*-> (MfVa, (3,3, 



dT(f)F(l)y s , 
Furthermore, if d has the volume doubling property, then 

Proof. Since under the assumption the function \l/ e ^ is invertible and its inverse 
is increasing, the proof is straightforward using Ker\l/ = {0}, (I3.2ip and (13. 22 p . qed 

In the case when \l/ e £$o has a scaling property, we can derive a more explicit 
formula. 

Corollary 3.9 Suppose that \l/ e ^ is strictly monotone increasing and the assump- 
tions of Theorem \3. 7| hold. In addition, assume that there exists 7 > such that 
ty(au) = a^fy^u) for all a,u>0. Then 

N (V)<a[ (V- 1 (\V(x)\)) dft dx, (3.25) 



where A = , 27 / G(s)s 1 2 fds 



2f+Vt£(A + l) 
aT(l)F(l) jo 

Proof. The inverse function has the scaling property ^^(av) = a 1 / 7 \l/~ 1 (f ). 
Thus the corollary follows. qed 

Instead of the scaling property suppose now that there exists A > such that 
ty(u) > Cu x with a constant C > 0. This inequality holds for at least large enough 
u if has the volume doubling property. Then we have a similar formula to that in 
Corollary EH 

Corollary 3.10 Suppose that ^ e SS§ is strictly monotone increasing and the assump- 
tions of Theorem 3.1 hold. Ifty(u) > Cu x , then 



N {V)<A \V(x)\ d/2X dx, (3.26) 



2¥+ 1 7rfC- 1 /A r° . x , 
where A = ^ / G(s)s za^s. 



PROOF. ty(u) > Cu x gives * _1 (tt) < C~ l/X u 1/X . Then the corollary follows. qed 

In some special cases of Bernstein functions \I/ we can derive more explicit forms of 
the Lieb-Thirring inequality. 
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4 Specific cases 

4.1 Fractional Schrodinger operators (symmetric a-stable 
processes) 

Let = (2m) Q//2 and = (— A) a / 2 . Throughout this section we suppose that 

< a ^ 2. Define the quadratic form 

Q(f,g) = ((-A) a/4 /, (-A)^) - (| VI 1 / 2 /, \V\ 1/2 g). (4.1) 

Boundedness from below of the cases a = 1 and a = 2 is proven in |LL01j . 

Lemma 4.1 Lei V E L d / a (IR d ) + L°°(IR d ). Then V is form bounded with respect to 
(-A)"/ 2 with a relative bound strictly smaller than 1. In particular, we have that 
inf £(/,/)> -oo. 

/60((-A)°/ 4 ) 

Proof. Let 7 Q = (— A) - "/ 2 be the operator of the Riesz potential. Recall the Sobolev 

pd 

inequality ^ C||/||p f° r Q — ^ an d d > ap. From this we obtain 

||/||^a||(-Ar/ 2 /|| p (4.2) 
with some constant C . Hence it follows that 

\\{-^T /A f\\l > h\f\\ 2 ^ > ^(\V\ 1/2 f, \V\^ 2 f)\\V\\-; a . (4.3) 

The estimate gives Q(f, f) ^ when ||V||d/ a < 1/C. Let V(x) = v(x) + w(x) be such 
that v G L d / a (R d ) and w e Z°°(M d ). Then there is a bounded function A(x) such that 
h — v — X satisfies that \\h\\ d/a < 1/C. Thus V = h + (w + A) and w + A G L°°(IR d ), 
and the lemma follows. qed 

Corollary 4.2 Let *(u) = (2w) Q / 2 and Ze* Assumption^ hold. If V e L d l a {R d ), 
then there exists a constant L a ^ d independent of V such that 

N (V)^L a , d [ \V(x)f a d Xl 0<a^2. (4.4) 

Proof. We have that 

p*( ) = -i- / e ^l Q d£ = (4.5) 

where C(a,d) = ■ Thus the corollary follows from Theorem 13.71 with the 

constant prefactor 

qed 

This proof was obtained by hand through direct heat kernel estimates, however, the 
result also follows by either of Corollaries 13.91 or 13.101 
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4.2 Relativistic Schrodinger operators (relativistic Cauchy 
processes) 

Let = \/2u + m 2 — m and if* = (—A + m 2 ) 1 / 2 — m. By using (14. 3[) we derive 

that 

\\(-A + m 2 )^f\\l > IK-A) 1 / 4 /^ £ ^ll/llk > ^(IVI^/.IVI^IIVI^ 1 . (4.6) 

G d-2 G 

Hence V G L d//2 (IR d ) is relatively form bounded with respect to (— A + m 2 ) 1 / 2 — m with 
relative bound strictly smaller than 1. 



Corollary 4.3 Let if! (u) = y/2u + m 2 — m. Let Assumption\jn\ hold, and suppose that 
V G L d (R d ) i/m = 0, and V G L d / 2 (R d ) n »/m ^ 0. T/ien i/iere exzsi L^, l[ 2 J 

and Lj ^ independent of V such that 

N (V)^lJp d [ \V(x)\ d dx m = 

(4.7) 

N (V)^L^[ iVix^dx + L^ [ \V(x)\ d/2 dx m^O. 

Proof. The proof for m = can be reduced to Corollary 14.21 with a = 1. Let m > 0. 
We have 

P*(0) = / e-'(v^^-) d e. 

A computation (see Corollary 14.41 below) gives 

P?(0)<^ + ^ (4-8) 
with some positive constants Ci(d), and C2(d). Hence we have 

N (V) < ^ (^(d) jj^ds ^G( S )|y(x)| d + C 2 (d) ^ da;^ ^G( S )|T/( a; )| d 
for m/fl. Thus the corollary follows with 

L (D_ 2 ( rf ~ 1 ) ! 1 rs-^G(s\6s 

^ d ~ (A,yi 2 T{d/2)W)h ( ) 



T (2) 



(3) 2- 1+M / 4 m , '/ 2 r(<i/2) 



Li3=; s -.-f G(s)d , 



qed 
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4.3 Fractional relativistic Schrodinger operators (relativistic 
a-stable processes) 

Let \P(u) = (2u + m 2 / Q ) Q / 2 - m and if* = (- A + m 2 l a ) a l 2 - m. Using we can 
also derive that 

||(-A+m 2/Q ) a/4 /ll^ ^ ll(-A) Q / 4 /ll^ > ^ll/ll 2 ^ ^ ^(l^l 172 /,^! 1 / 2 /)^!!^. (4.9) 

Hence V G is relatively form bounded with respect to (—A + m 2 / a ) a ^ 2 — m 

with relative bound strictly smaller than 1. 

Corollary 4.4 Let V(u) = {2u + m 2 / a ) a / 2 -m, a / 1,2. Let Assumption \3.1\ hold, 
and suppose that V 6 L d / Q (M d ) i/m = 0, and V E L d / a (R d ) D L d / 2 (R d ) ifm ^ 0. Then 
there exist L^, and L^, independent of V such that 



(4.10) 



iV (U) / |U(x)| d/a dx m = 

N (V)^L^ d [ \V(x)\ d / a dx + L^ d [ \V(x)\ d / 2 dx m^O. 
Proof. For m = 0, we adopt the proof of Corollary 14.21 Let m > 0, then 

p*( ) = r e -t((r 2 +my^-m) r d-l dr _ ^ 

(2tt) Jo 

Using the inequality u a l 2 — 1 ^ |(w — 1), ^ u ^ 1, for a 6 (0, 2), and the substitution 
u = m 2 / a j[r 2 -f m 2 / a ) it follows that 

( r 2 + m 2/«)«/ 2 _ m ^ « 2 ( r 2 + m 2/a) W 2 )" 1 (4 12) 

Assuming that r ^ m 1//a , i.e., r 2 + m 2 / a ^ 2m 2 / Q , it follows from ( 14. 121) that 

( r a + m 2 / a ) a/2 -m> - (4.13) 

1 ' 2 (2m 2 /«) 1 - a/2 1 ^ 

If r > m 1//a , i.e., 2r 2 > r 2 + m 2//a , then it follows that 

(r 2 + m 2 /«) Q/2 -m>^r«. (4.14) 
Therefore, using (I4.13P and (I4.14p in (14. lip , write 



ctr ^ 

t{{r 2 +m 2/ a)a /2_ m)rd _ ldr ^ I e 2 ( 2m 2/-) 1 - Q/2 r d-i dr+ / e ~^75- t r <i ~ 1 dr. 

Jr^m 1 / ' Jr>m 1 /°' 
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2 

For the first integral, set u = — — ar , i~ a / 2 t to obtain 

2[2m 2 / a ) 

L. <+^^*r < g [ = , ,4,5) 

where 6*2(0, d) = — — , and Ki = - (2m 2//a ) 1 Q//2 . For the second integral similarly 
we obtain that 

f e -#^V d "Mr < r e^uW^du = (4.16) 

J r>ml/a at d /« J t d l« v ; 



where C 3 (a, d) = 2 a , and K 2 = y — - — J . Thus, using the results of (I3.20p and 
(14. lip together with (I4.15P and (I4.16p . we find the positive constants 

such that (I4.10p holds for m 7^ 0. Thus the corollary follows. qed 



4.4 Sums of different stable generators 

Let ^(u) = (2n)"/ 2 + (2u)^ 2 , < a, (3 < 2, a ^ (3, and H* = {-A) a ' 2 + {-A)^ 2 + 
V, acting in L 2 (R d ). Relative boundedness of V follows similarly as in Lemma |4.1[ 
whenever V e L d ^ a (R d ) DL d ^(R d ). This is an example in which Corollary 13.91 does 
not apply, however, we have the following result. 

Corollary 4.5 Suppose that Assumption{3J\holds andV G L d / a (R d )nL d ^(R d ). Then 
N (V)<L a [ \V(x)\ d/a dx + Lp [ \V(x)\ d/ ?dx, (4.17) 

where 

poo poo 

Proof. It is known |CK08] that 

Pt (0) < c ( r « A > * > ( 4 - 18 ) 
with some constant c > 0. Then by (13.201) we obtain the claim. qed 
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4.5 Jump-diffusion operators 

Let = m+6m"/ 2 , a 6 (0, 2), and b G (0, 1]. Then we have iJ* = -A+6(-A) a / 2 +V. 
By g3D we see that when V G L d /°(IR d ) U L d / 2 (M d ), V is relatively form bounded with 
respect to —A + A) a / 2 with relative bound strictly smaller than 1. 

Corollary 4.6 If Assumption \3. 1\ holds and V G L^+f (IR d ), i/ien 

N (V)<l[ \V(x)\ d/2 dx + L a [ \V(x)\ d/a dx, (4.19) 



/•oo poo 

s -i-d/2 G r( s ) dSj La = ^ / s - 1 - d /«G(s)ds. 



^(1) io V ' ' ° F(l) , 

Proof. In this case it is known |CKSllj that with some c > 

P b t (x -y)< {r d/2 a {bt)- d ' a ) a (t-^e-W* + {bty d / a A ^ _^ |d+a 

and in the same way as in the previous examples the result follows. qed 
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